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Bearing/Contact for Anisotropic Materials

Tseng-Hua Tsiang* and John F. Mandellf
Massachusetts Institute of Technology, Cambridge, Massachusetts

The bearing/contact behavior of fiber composites has been investigated using a modified nonlinear assumed
stress hybrid finite element formulation. The problem considered is an anisotropic body subjected to compressive
contact from an isotropic indentor, with moderate sliding on the contact surface. The characteristic matrices of the
bodies brought into contact are obtained by employing a modified principle of the minimum complementary
energy, and using the contact conditions along the contacting boundary as constraints with corresponding
Lagrangian multipliers. A computer program has been developed for the two-dimensional punch problem. The
stick-slide behavior and frictional effects are performed using an iterative technique. Thirty cases of the
punch/contact problem have been analyzed. Results for typical variations in properties show that, for the same
frictional condition, the material stiffness in the indentation direction dominates the stresses on the contacting
surface. By increasing the friction on the contact surface, the transverse tensile stress is relaxed; this can be
directly related to suppression of fiber-resin debonding or splitting in practical bearing problems.

Introduction

THERE is widespread interest in the effects of structural
connections on the performance of fiber composites. Due

to their anisotropy, the structural behavior of composites is
different for conventional isotropic materials. As a bearing
load is transferred from one member to another at a connec-
tion, bearing/contact stresses are generated over the limited
area of contact. Although most design of structural members
is associated with stresses and strains in portions of the body
far from the points of application of loads, the stresses on or
somewhat beneath the surface of contact may still be the
major cause of failure of one or both of the bodies. The size
and shape of the contact area and the frictional conditions on
the contact surfaces are important factors in the study of
load-bearing/contact problems.

The stress and deformation fields developed during the
contact of two mechanically joined parts are important aspects
in damage initiation. Between the two surfaces that are pressed
together, the principal compressive stress is maximum on the
contact surface, whereas the maximum shear stress occurs
slightly below the contact area, as shown analytically by early
researchers.1"3 In analysis of the distortion of two elastic
bodies progressively pressed together, it is necessary to con-
sider the nonlinearity introduced by the increasing area of
contact and frictional stick-slide behavior on the contact plane.
Analytical solutions limited to simple geometries and ideal
loading conditions are not adaptable to these conditions.

Problems concerned with indentation have been investi-
gated for many years. Indentation is defined as a particular
contact problem because the contact area remains constant.
Early in 1952, Okubo1 gave a mathematical solution for a
plane-strain flat punch into a semi-infinite elastic body. The
pressure distribution between two elastic bodies pressed to-
gether was presented. The material properties of the two
contact bodies were found to significantly affect the contact
situation and the pressure distribution. However, a more gen-
eral numerical approach for solving this nonlinear problem is
needed. In recent years, attempts have been made using finite
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element techniques and complex iterative contact procedures.
Yamada et al., Ohte,5 Tsuta and Yamaji,6 and Boonluator7

applied conventional assumed displacement finite element
models. Kubomura and Pian8 investigated the extensive slid-
ing contact problem by using the assumed stress hybrid finite
element model, regarding the contact conditions as constraints
in the modified complementary energy principle.

In the present work, the punch/contact problem is treated
as elastic bodies with moderate sliding on the contact surface.
The characteristic matrices of the bodies brought into contact
are obtained by using a finite element discretization with
two-dimensional assumed stress hybrid elements. Moderate
sliding is defined by small relative sliding between a contact
node pair compared with the element size. Based upon the
work of Kubomura and Pian, a modified finite element formu-
lation is carried out. For a practical metal-composite bearing
case, the punch is modeled as isotropic and the semi-infinite
body as anisotropic.

Contact Stress Analysis
Generally, no prescribed conditions can be set in the case of

elastic-body contact, since not only does the contacting surface
change at each load step, but the relative motion between the
node pair at the edge of the contact changes. Therefore, one
has to search the candidate node pairs of contact at every load
step and determine their positions with respect to the contact-
ing surface—in separation, in penetration, or in contact—by
using the convergent criteria of incremental nodal displace-
ments. In addition, Coulomb's frictional law at the contacting
surface must be satisfied,

where Rn and Rs are the normal and tangential forces on the
contact surface. It is noted that the sign of the coefficient of
friction /i depends on the direction of displacement of a point
on the surface of the elastic body relative to the indentor.

For the continuity conditions between contact surfaces, the
criteria are:

1) The displacements normal to the contact surface are
common to both bodies.

Un
A - Ua

B (2)

2) The tractions over the contact area are also common but
in opposite directions.

I ••o, (3)
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However, in the case of frictional sliding, the tangential com-
ponents of tractions must be determined by the normal com-
ponents of tractions using Coulomb's law,

\Ts\<\p.Tn\ (4)

If \TS\ > \fiTn\, the traction relationship should be given as

If there is no sliding, the tangential displacements on the By taking the first variation with respect to Pr to be zero, one
contact surfaces are common, obtains

U,A = U,B
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<?„=/ TTLds (12)
S°n

FA = ( MTLA ds (13)
5i

F*-( MTLBds (14)
JfB

(6)

A modified principle of the minimum complementary en- Thus,
ergy is employed in the present analysis. The contact condi-
tions along the contacting boundary are considered con-
straints with corresponding Lagrangian multipliers. The finite
element formulation for the punch problem can be expressed
as

-/" TTuds+[ TTuds
J J

-t TT[uA-uB}ds\
Scn )

(7)

where stresses, a = P0; boundary displacements, u = Lq\
surface tractions, T = R$\ tractions on contact boundary,
7 = jv/r; and boundary displacements on the contact boundary
in bodies A and B are, respectively,

uA=LAqA, LBqE
(8)

where sc is the contacting boundary of the nth element and t
the element nodal traction on the contacting boundary.

The functional for the nth element can be written as

where

Hn = f PTCPdv
Jv

G=f RTL ds
JdVn

(9)

(10)

(U)

After the substitution into IT* , it becomes

Then for the total contact problem, the functional is

where

KA 0
0 KB

READ
control data, initial contact conditions

contact properties
element datum, nodal coordinates

material properties, boundary conditions

4-
£» 5-

calculate element stiffness matrix
and load vectors __ ____

define contact condition

calculate the parts of global stiffness
matrix due to the contacting points

calculate the nodal displacements, contact
tractions and the relative displacements

(15)

(16)

(17)

(18)

(19)

(20)

calculate the global stresses
and nodal forces

Fig. 1 Finite element mesh of the punch/contact problem. Fig. 2 Flowchart of computer program in the punch/contact problem.
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(21)

(22)

The minimum variation of v^c w^tn respect to qA ,qB , and t
gives,

KA

0
0
KB

KA

(23)

or

K *.(«)Jfl
tfT o r / o

(24)

where K is the structural stiffness matrix, Kc the contact
node-pair matrix, q the nodal displacement vector, and Q the
applied equivalent nodal force vector. In general contact prob-
lems, the size of Kc is much smaller than that of KA and KB.

A quadrilateral assumed stress hybrid element8 is applied in
the present analysis. This two-dimensional element can be
used as either a four- or five-node element. The elastic compli-
ance matrix of orthotropic fibrous material in plane strain is

V2l V31V32

V21 V31V32 0

1
(25)

where axis-2 is the fiber direction. Thus, E1 = E3, vn =
"23 > V3l "72 E2 ''V21El'

The finite element mesh is depicted in Fig. 1, with the axis
of symmetry at the center. There are 50 elements in the punch
and 206 element^ in the composite. The total degrees of
freedom is 684. The prescribed displacements are applied at
the top of the punch block and the boundaries at the sides of
composite body are roller-supported.

Fig. 3 Distribution of ay on the contacting surface; isotropic, k = 1,3;
frictionless contact.

Table 1 Nonffictional contact cases studied

Material constants

Material of
half- space plane

Isotropic

Orthotropic

IO6 psi

90
30
18
12
6

90
30
18
12
6
6
1.68
1.68

G,
IO6 psi

34.62
11.54
6.92
4.62
2.31

0.7
0.7
0.7
0.7
0.7
0.23
0.7
0.065

V

0.3
0.3
0.3
0.3
0.3
0.2
0.2
6.2
0.2
0.2
0.2
0.2
0.2

uyui muuuiui icuio
k

3.0
1.0
0.6
0.4
0.2

3.0
1.0
0.6
0.4
0.2
0.2
0.056
0.056

30 X IO6 psi, Ej = E

Table 2 Frictional contact cases studied

Material constants
Material of
half-space
plane

Isotropic

Orthotropic

Ey,
IO6 psi

90
30
18
12
6

30
30
18

18
12
6
1.68
6
1.68

18
18
18

G,
IO6 psi

34.62
11.54
6.92
4.62
2.31

11.54
11.54
6.92

0.7
0.7
0.7
0.7
0.23
0.065
0.7
4.0
7.5

V

0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2
0.2

k

3.0
1.0
0.6
0.4
0.2
1.0
1.0
0.6
0.6
0.4
0.2
0.056
0.2
0.056
0.6
0.6
0.6

Coefficient
of friction,

0.5
0.5
0.5
0.5
0.5
0.4
0.2
0.2
0.5
0.5
0.5
0.5
0.5
0.5
0.2
0.2
0.2

Slide/stick,

(0.0039/0.9961=) 0.39
(0.0039/0.9961=) 0.39
(0.0039/0.9961=) 0.39
(0.0039/0.9961=) 0.39
(0.0039/0.9961=) 0.39

(0.01171/0.9829 =)11.91
(0.375/0.625=) 60.00
(0.375/0.625=) 60.00

(0.0039/0.9961=) 0.39
(0.0039/0.9961=) 0.39
(0.0039/0.9961=) 0.39
(0.0039/0.9961=) 0.39
(0.0000/1.0000=) 0.00
(0.0000/1.0000=) 0.00

(0.03125/0.96875 =)3.23
(0.2500/0.7500=) 33.33

(0.5000/0.5000=) 100.00

&E2 = 30 X IO6 psi, Ej = E
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Results and Discussion
Following the formulation presented above, a finite element

computer program has been developed for the two-dimen-
sional problem. A contact surface is assumed together with the
points on it. The type of contact, stick or slide, is determined
by the relative movement of node pairs of the contact bodies.
Thus, the variation of the contact surface and frictional effects
introduce discontinuities and nonlinearities across the contact
surface. A step-by-step iteration procedure is required to
modify the final contact position, where both the conditions of
contact and convergence are satisfied. The flowchart of the
calculation consists of two loops, as shown in Fig. 2. The outer
loop corresponds to a process of displacement incrementing,
within which the contact condition of one nodepair varies. KA

and KB remain constant, and the contact stiffness matrix, Kc,
is upgraded by using the modified Newton-Raphson elimina-
tion technique. The inner loop is to insure that the stick-slide
frictional conditions are satisfied for all contact nodepairs. For
the initial calculation of the first iteration, one must use an
assumption made by physical inspection.

The computer program was tested for a punch/contact
problem between two isotropic bodies. A good agreement has
been achieved with the analytical solution1 in the frictionless
case, as shown in Fig. 3, and with the finite element solution

in the frictional contact case, as reported in Refs. 5 and 7. A
singular stress point near the edge of the punch is noted.

In the present work, an isotropic elastic punch is pressed
against a semi-infinite orthotropic elastic body. A total of
thirty cases are studied by changing the material properties of
the contact bodies, which are listed in Tables 1 and 2. All the
results are indicated by nondimensional terms, such as or>,/aAV
and rxy/aAV, where aAV is the average applied stress on the
punch and a, and rxy are the normal and shear stresses,
respectively, m Fig. 4 there are four curves of pressure distri-
bution on the contact surface, representing different composite
materials. It is noted that the distribution is nearly indepen-
dent of the frictional conditions if the material properties
remain constant, which were also seen in Refs. 5 and 7. The
relative magnitudes of the pressure distribution are reversed at
the local point x/w = 0.78. The respective states of shear
stresses in the y direction on the contour of the punch are
plotted in Fig. 5. For constant shear modulus, it is seen that
the stiffer the material along the orthotropic axis, the lower the
shear stresses. However, varying the shear moduli, as shown in
Fig! 6, will give another trend; i.e., the higher the shear
modulus, the higher the shear stresses.

The contact behavior on the contact surface of each case is
examined and summarized in Table 2. It is clear that the

-0.8 -0.6

Fig. 4 Distribution of a, on the contacting surface, orthotropic (Ey
9

frictionless and frictional contact.

-0.4 -0.2 0.0

y/w

Fig. 6 Distribution of Txj;/aAV along the line x/w= 1.0; frictional
contact (jA = 0.5).

Isotropic Body, steel
(E = 30xl06 psi)

Orthotropic
Body

0.7xl0
psi)

E =6x10 psi

Fig. 5 Distribution of Txj;/aAV along the line x/w= 1.0; frictional
contact ( [ i = 0.2).

isotropic
orthotropii

0.0 0.1 0.2 0.3 0.4 O . S 0.6 0.7 0.8 0.9 1.0

Fig. 7 Value of T^/aAV at point x/w=1.0, y/w= -0.04687;
frictionless and frictional contact.
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Fig. 8 Value of Txy/o^v at point x/w= 1.0, y/ w = - 0.04687 ( y is
the orthotropic axis).

SINGLE FIBER
MODEL

INTERFACE

MODULUS. GPo

O 1.06 VARIED
A 0.27 69
D 1.06 276 (ORTHOTROPIC FIBER)

Fig. 9 Maximum shear stress at interface vs (Gm/Ef)* for d0/df =
0.50, imposed pressure.

stick-slide phenomenon is dominated by the frictional coeffi-
cient on the surface. The relationship between the shear stresses
and the relative material moduli of punch and composite are
observed with respect to the factors E*/EA and (G*y/Ef)*9
as shown in Figs. 7 and 8, respectively. Figure 8 indicates that
the linear relationship between the maximum shear stress and
(G/E)~2 observed with a single fiber model,9 as illustrated in
Fig. 9, is not observed with the punch problem. However, the
trend is in a similar direction and could still be linear if the
same low range of (G/E)J were analyzed. Figure 10 gives the
distribution of transverse stress ax along the punch-contact
region for two orthotropic materials, whose moduli in the fiber
direction are 6,000 ksi and 18,000 ksi, under the frictionless
and frictional conditions. It is shown that as the friction

Fig. 10 Distribution of ax on the contact surface, orthotropic (Ey's);
frictional and frictionless contact.

increases on the contact surface, the magnitude of stress ax
decreases, although it is compressive in the present case.

In summary, an analysis has been presented for the punch
problems with anisotropic materials. Results for typical varia-
tions in properties show that the material stiffness in the
direction of loading dominates the stresses on the contacting
surface with the same frictional condition. However, for the
same material, varying the frictional coefficient will not affect
the axial stress ay and shear stress rxy, but will influence the
transverse stress ax. So, under the punch-bearing loading
condition, the transverse compressive constraint to a unidirec-
tional fiber composite will be relaxed by increasing the friction
on the contacting surfaces.
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